Generalized transverse-momentum dependent parton distributions (GTMDs) encode the most general parton structure of hadrons. Here we focus on two twist-2 GTMDs which are denoted by F 1,4 and G 1,1 in parts of the literature. As already shown previously, both GTMDs have a close relation to orbital angular momentum of partons inside a hadron. However, recently even the mere existence of F 1,4 and G 1,1 has been doubted. We explain why this claim does not hold. We support our model-independent considerations by calculating the two GTMDs in the scalar diquark model and in the quark-target model, where we also explicitly check the relation to orbital angular momentum. In addition, we compute F 1,4 and G 1,1 at large transverse momentum in perturbative Quantum Chromodynamics and show that they are nonzero.
I. INTRODUCTION
During the past two decades, a lot of attention has been paid to generalized parton distributions (GPDs) [1] [2] [3] [4] [5] [6] [7] and to transverse-momentum dependent parton distributions (TMDs) [8] [9] [10] [11] [12] . Those objects are of particular interest because they describe the threedimensional parton structure of hadrons -the distribution of the parton's longitudinal momentum and transverse position in the case of GPDs, and the distribution of the parton's longitudinal momentum and transverse momentum in the case of TMDs. Even though GPDs and TMDs already are quite general entities, the maximum possible information about the (two-) parton structure of strongly interacting systems is encoded in GTMDs [13] [14] [15] .
GTMDs can reduce to GPDs and to TMDs in certain kinematical limits, and therefore they are often denoted as mother distributions. The Fourier transform of GTMDs can be considered as Wigner distributions [16] [17] [18] , the quantum-mechanical analogue of classical phase-space distributions.
A classification of GTMDs for quarks (through twist-4) for a spin-0 target was given in Ref. [13] , followed by a corresponding work for a spin-classified in Ref. [13, 14] and further discussed also for the gluon sector in Ref. [15] . We begin by introducing two light-like four-vectors n ± satisfying n 2 ± = 0 and n + · n − = 1. They allow one to decompose a generic four-vector a µ as
where the transverse light-front four-vector is defined as a ⊥ ; η). As explicitly discussed in Ref. [15] , from two independent transverse vectors, one can form only two independent Lorentz structures associated with a given ∆ℓ z , or, equivalently, light-front helicity amplitude.
B. GTMD Parametrization
Since the GTMD counting is frame-independent, we are free to work in any frame. For convenience, we choose the symmetric frame where the momenta are given by
with
2(1−ξ 2 )P + , and the intrinsic transverse vectors simply reduce to κ ⊥ =k ⊥ and D ⊥ = ∆ ⊥ . Restricting ourselves to the chiral-even sector and using the parametrization in Ref. [14] , the light-front helicity amplitudes for ξ = 0, Λ ′ = Λ = ± and λ ′ = λ = ± read
2 For convenience, we do not include light-front time-reversal at this stage. The counting then leads to 16 complex-valued GTMDs with no definite transformation properties under light-front time-reversal.
Including light-front time-reversal gives at the end 32 real-valued functions with definite transformation properties. The parametrizations in Refs. [14, 15] have been chosen such that the real part of the GTMDs is (naïve) T-even and the imaginary part is (naïve) T-odd. 3 In general the GTMDs depend also on η.
Inverting this expression, we obtain for F 1,4 and G 1,1
The function F 1,4 describes how the longitudinal polarization of the target distorts the unpolarized distribution of quarks, whereas G 1,1 describes how the longitudinal polarization of quarks distorts their distribution inside an unpolarized target [18] .
III. THE TWO-BODY SCATTERING PICTURE
We are now in a position to address the criticism put forward in Refs. [32, 33] . In these papers it has been argued that, based on parity arguments in a two-body scattering picture, the functions F 1, 4 and G 1,1 should not be included in a twist-2 parametrization.
This contradicts the findings of Refs. [13] [14] [15] 25] and the results obtained in explicit model calculations [13, 14, 18, 26] . In the following, we will go along the arguments developed in
Refs. [32, 33] and explain why they actually do not hold. We note essentially three claims in Refs. [32, 33] :
1. The Lorentz structure associated with the function F 1,4 and appearing in the parametrization of the correlator W
is parity-odd. In the center-of-mass (CM) frame, or equivalently in the "lab" frame, with the p-direction chosen as the z-direction, the net longitudinal polarization defined in Eq. (14) is clearly a parity violating term (pseudoscalar) under space inversion. This implies that a measurement of single longitudinal polarization asymmetries would violate parity conservation in an ordinary two-body scattering process corresponding to tree-level, twist-2 amplitudes.
2. As one can see from Eqs. (12) and (13), the functions F 1,4 and G 1,1 can be nonzero only when the corresponding helicity amplitude combinations are imaginary. Hence, these functions cannot have a straightforward partonic interpretation. Moreover, integrating e.g. Eq. (12) overk ⊥ gives zero, meaning that this term decouples from partonic angular momentum sum rules.
3. In the CM frame, where the hadron and quark momenta are coplanar, there must be another independent direction for the helicity amplitude combinations associated with F 1,4 and G 1,1 to be non-zero. That is provided by twist-3 amplitudes and corresponding
GTMDs.
Let us first discuss the parity property of the Lorentz structure in Eq. (14) . Parity is a frame-independent symmetry, and so does not depend on any particular frame. Under an ordinary parity transformation, see for instance Chapter 3.6 of Ref. [39] , the structure in Eq. (14) becomes
where Λ P and p P = (p 0 , − p ) are the parity-transformed helicity and momentum. Clearly, the structure (14) does not change sign under a parity transformation, and so is parityeven 4 . This is consistent with the light-front helicity amplitudes given in Eq. (11), where the structure (14) contributes in the form Λ
which is invariant under light-front parity transformation. While it is true that the net longitudinal polarization S L = S· P /| P | is parity-odd and therefore cannot generate by itself a parity-conserving single-spin asymmetry, it is actually multiplied in Eq. (14) by (k ⊥ × ∆ ⊥ ) z = ( k × ∆) · P /| P |, another parity-odd quantity which is related to the quark OAM. Therefore, the parity argument cannot be used to exclude the possible connection between a single-spin asymmetry and the function F 1,4 . The same is true for G 1,1 using a similar argument where the nucleon polarization is basically replaced by the quark polarization. We agree that longitudinal single-spin effects for elastic two-body scattering are necessarily parity-violating, but the two-body picture in general cannot be used for the counting of GTMDs as we explain in more detail below.
Now we move to the second claim. Contrary to TMDs and GPDs, the GTMDs are complex-valued functions. The two-body scattering picture does not incorporate any initial or final-state interactions which, in particular, generate (naïve) T-odd effects described by the imaginary parts of the GTMDs. This already shows that two-body scattering could at best be applied to the real part of the GTMDs which is (naïve) T-even. The fact that the real parts of F 1,4 and G 1,1 are related to imaginary helicity amplitude combinations does not necessarily mean that these GTMDs cannot have a straightforward partonic interpretation.
The same occurs in the GPD case, for instance, where complex-valued helicity amplitudes do not spoil a partonic interpretation of GPDs (see e.g. Ref. [5] ). This can also be understood from the partonic interpretation of the distributions in impact-parameter space. As shown in Ref. [18] , which generalizes the work of Burkardt [40, 41] to phase-space, the GTMDs in impact-parameter space are obtained from the momentum-transfer space through the following two-dimensional Fourier transform
The hermiticity property of the GTMD correlator guarantees that the two-dimensional
Fourier transform is real [26] . In particular, the impact-parameter space versions of F 1,4
and G 1,1 follow from the two-dimensional Fourier transform of Eqs. (12) and (13),
In impact-parameter space, the helicity amplitude combinations associated with F 1,4 and (13) give automatically zero in the limit |∆ ⊥ | = 0 or by integration overk ⊥ , implying that F 1,4 and G 1,1 do not reduce to any GPD or TMD. However, this does not mean that F 1,4 decouples from partonic angular momentum sum rules, since it has been shown independently in Refs. [18] and [25] that the (gauge-invariant) quark canonical OAM of Jaffe-Manohar [29] is actually given by the expression
which a priori has no reason to vanish. Similarly, the amplitude associated with the GPD E vanishes in the limit |∆ ⊥ | = 0, but this does not mean that E should disappear from the Ji relation for angular momentum [2].
Finally, we address the third claim. The helicity amplitudes have been used several times in the literature for the counting of independent functions associated with a particular parton-parton correlator, see for instance Refs. [15, 34, 35, 42] . It is often considered
Representation of a GTMD in the region ξ < x < 1; (b) Quark-proton scattering amplitude.
convenient to think of the correlator in Eq. (3) as representing a two-body elastic scattering amplitude, see Fig. 1 . The gauge link is excluded from this picture, and so are initial and final-state interactions, which eliminates also the η dependence. The light-front parity constraint (8) can then be rewritten in the form
So, from the 16 possible helicity amplitudes only 8 are independent, in agreement with our general discussion in Sect. II A. Although the counting is frame-independent, the authors of Refs. [32, 33] chose to work for convenience in the CM frame, or equivalently the lab frame, where all momenta are coplanar. If one chooses the z-axis to lie in the scattering plane like in Refs. [32, 33] , one would then conclude that there is only one frame-independent or intrinsic transverse vector, and so the cross product (k ⊥ × ∆ ⊥ ) z would simply give zero.
For chiral-even, non-flip amplitudes, instead of the four functions
introduced in Ref. [14] , only F 1,1 and G 1,4 would survive. However, as stressed by Diehl in
Ref. [35] , the two-body scattering formulation is somewhat imprecise. The H Λ ′ λ ′ ,Λλ are not helicity amplitudes in the strict sense. They contain, in particular, an explicit dependence on the light-front vector n − which already defines the z-direction. One cannot perform an arbitrary Lorentz transformation that modifies this direction without changing at the same time the definition of the GTMDs, and hence the canonical twist expansion. In the most general configuration, n − does not belong to the CM scattering plane (see Fig. 2 ).
Therefore, there are two independent intrinsic transverse vectors at leading twist, namely κ ⊥ and D ⊥ , allowing one to form the cross-product (κ ⊥ ×D ⊥ ) z which reduces to (k ⊥ ×∆ ⊥ ) z in the symmetric frame (10) used for the parametrization of Ref. [14] . One does not need to invoke higher-twist to provide the missing direction. It is essential to keep the explicit n − dependence, since otherwise one would miss half of the allowed GTMDs, just like one would obtain two chiral-odd GPDs [42] instead of four [35] . Note also that applying the two-body scattering picture without n − dependence to the TMD correlator, one would find
IV. PERTURBATIVE MODEL RESULTS
After the model-independent considerations in the previous two sections we now proceed to discuss the calculation of F 1,4 and G 1,1 in two spectator models -the scalar diquark model and the quark-target model. In fact, in the (parity-conserving) scalar diquark model nonzero results for those two GTMDs were already presented in Ref. [14] , but in view of the doubts raised in [32, 33] we reconsider the calculation here. Moreover, a set of GTMDs including F 1,4 and G 1,1 was calculated in two different relativistic light-front quark models in Ref. [18, 19] , where it also turned out that both F 1,4 and G 1,1 are non-vanishing. In
Ref. [32] it is argued that "these nonzero results are coming about from the kinematics or from effective higher-twist components arising from quarks' confinement". We disagree with this statement. First, kinematics cannot be invoked to explain nonzero results of existing calculations [18, 19] , since they were performed using the representation of the GTMDs in terms of LFWFs which are by definition/construction frame-independent. In this context note also that in spectator models the active partons are (space-like) off-shell. However, this feature, which is not specific to the calculation of GTMDs but rather holds even for ordinary forward parton distributions, does not increase the counting of independent twist-2 functions. Second, as we discuss in this section, not only the scalar diquark model but also the quark-target model predicts nonzero results for F 1,4 and G 1,1 . Both models being purely perturbative, this means that "effective higher twist components arising from quarks' confinement" cannot be invoked to explain these results.
That F 1,4 and G 1,1 are nonzero is a generic feature. They are directly related to the amount of OAM and spin-orbit correlations inside the target [18, [25] [26] [27] [28] 31] . Vanishing F 1,4 and G 1,1 would therefore imply vanishing (canonical) OAM and spin-orbit correlations. In order to further solidify the relation between F 1,4 and G 1,1 and the spin/orbital structure of the nucleon, we compute the canonical OAM and spin-orbit correlations from the operator definition in both the scalar diquark model and the quark-target model. They are nonzero and satisfy the model-independent relations of Refs. [18, 25, 26, 31] For convenience, we will restrict the discussions in the following to the case ξ = 0.
A. Scalar Diquark Model
We calculate the matrix element in Eq. (3) in the scalar diquark model, i.e., a Yukawa theory defined by the Lagrangian (see also App. A in Ref. [43] )
where Ψ N denotes the fermionic target field with mass M, ψ the quark field with mass m q , and φ the scalar diquark field with mass m s . To leading order in the coupling g s of the Yukawa interaction, the time-ordered quark correlator reads
where the denominator is
. This expression can be depicted by the diagram on the left panel of Fig. 3 . The diagram on the right panel of Fig. 3 represents the scalar diquark contribution corresponding to the non-local correlator
where the denominator is Let us start with the quark contribution to F 1,4 which can be extracted from the correlator
Contracting Eq. (22) with γ + , performing the Fourier transform from z-space tok-space, and integrating overk − , we find by comparison with the GTMD parametrization of Ref. [14] :
where
A similar calculation from the contraction of the correlator (22) with γ + γ 5 leads to
So, to leading order in the scalar diquark model one finds F q 1,4 = G q 1,1 . The expressions in Eqs. (25) , (29) are in full agreement with the (nonzero) results presented in Ref. [14] .
One may also study GTMDs with the scalar diquark acting as parton, which was not yet done in [14] . Clearly, the scalar diquark cannot contribute to G 1,1 since this GTMD requires the active parton to be polarized. The scalar diquark contribution to F 1,4 can be extracted from the correlator where
. As a result, we obtain
B. Quark-Target Model
We continue with the same strategy as above and calculate the GTMDs in QCD for a quark target |p, Λ; a i , where a i(f ) is the color of the initial (final) quark. Then, a first non-trivial perturbative expression for the GTMDs can be extracted from the diagrams in Fig. 4 . We point out that, to the order in perturbation theory considered here, virtual radiative corrections do not contribute to F 1,4 and G 1,1 . For the quark contribution, we evaluate the following matrix element in perturbative QCD,
q + iǫ , and C F = (N 2 c − 1)/2N c = 4/3. We work in the light-front gauge A + = 0, and so the numerator of the gluon propagator reads
For the gluon contribution, the correlator in perturbative QCD takes the form
When computing GTMDs only the u-channel graphs on the left in Fig. 4 survive. The t-channel graphs vanish at this step for actually two reasons: first due to kinematics, and second after proper color-averaging needed for the calculation of GTMDs. Once again, we start with the quark contribution to F 1,4 which can be extracted from the correlator
By comparison with the GTMD parametrization of Ref. [14] we find
Similarly, replacing γ + in Eq. (36) by γ + γ 5 , we find for the quark contribution to G 1,1 :
Therefore, to leading order in the quark-target model one finds F Now, the gluon contribution to F 1,4 can be extracted from the correlator
As a result, we obtain for x ∈ [0, 1]
Similarly, the gluon contribution to G 1,1 can be extracted from the correlator
where ǫ ρσ ⊥ = ǫ ρσn + n − with ǫ 0123 = +1. This leads us to
Obviously, in the quark-target model F 1,4 and G 1,1 are nonzero for both quarks and gluons. We performed the calculation of those objects also in Feynman gauge and found the same results. Note that in Feynman gauge, in the case of quark GTMDs, one also needs to take into account contributions due to the gauge link of the GTMD correlator (see also
Ref. [43] ). While in general those terms matter for GTMDs, the explicit calculation shows that they do not contribute to 
We calculate also the canonical spin-orbit correlation [18, 31] , where the corresponding operators for quarks and gluons are given by
Because of the explicit factor r ⊥ , one has to be careful when considering the expectation value of these operators [23, 44, 45] :
Using the leading-order expressions (22) and (23) for the correlators in the scalar diquark model we obtain
We note that the result for ℓ q z in Eq. (50) can already be found in Ref. [46] . Comparing the expressions in (50)- (52) with Eqs. (25), (29) and (31) we see that
5 As already mentioned in Sect. IV A, scalar diquarks obviously cannot have a spin-orbit correlation.
which is an explicit check of the model-independent relations 6 of Refs. [18, 25, 26, 31] . Since in the scalar diquark model F If we now denote the quark momentum fraction by x, the total OAM simply reads
and we have
in agreement with the discussion in Refs. [46, 47] . Of course such simple relations between partial and total OAM hold only for a two-body system.
Similarly, using the leading-order expressions (33) and (35) for the correlators in the quark-target model, we obtain
In the quark-target model, the canonical OAM in Eqs. (58), (59) for quarks and gluons was studied for the first time in Ref. [47] with a focus on the ultraviolet-divergent part (see also
Ref. [46] ). Comparing the expressions in (58)-(61) with Eqs. (37), (38) , (40) and (42), we see that
which is another explicit check of the model-independent relations of Refs. [18, 25, 26, 31] .
Since in the quark-target model F 
We note in passing that the quark OAM defined through F 1,4 is the same for a future-pointing and for a past-pointing gauge contour of the GTMDs (see the paragraph after Eq. (42)).
This result was already put forward in Ref. [25] , and, to the best of our knowledge, we have now verified it for the first time explicitly in a model calculation.
V. OVERLAP REPRESENTATION
The results obtained in the previous Sect. IV using a diagrammatic approach within the scalar diquark model and the quark-target model can also be derived in a straightforward way by using the overlap representation in terms of LFWFs. As the LFWFs are eigenstates of the canonical OAM operator, in this approach the results for the OAM and the spin-orbit correlations have a transparent and intuitive interpretation.
A. Scalar Diquark Model
In the scalar diquark model, to lowest non-trivial order in perturbation theory, the quark
with {↑, ↓} = {+ }, and
The LFWFs with opposite nucleon helicity follow directly from light-front parity and timereversal symmetries according to
with l z = Λ − λ the total OAM associated with the LFWF ψ The LFWF overlap representation of the quark contribution to F 1,4 and G 1,1 at ξ = 0 is then given by
From Eqs. (71) and (72), we immediately see that F q 1,4 = G q 1,1 as already observed in Sect. IV A. For the scalar diquark contributions, we obviously have
Using the explicit expressions (67)-(68) for the quark LFWFs in the scalar diquark model, we reproduce the results of Sect. IV A.
Since the "parton" OAM is simply given by (1 − x) times the total OAM in a two-body system [46, 47] , we can easily write down the overlap representation of the canonical OAM and spin-orbit correlation for the quark,
and the scalar diquark,
The relation ℓ q z = −C q z can now be readily understood in physics terms. In the scalar diquark model, the total OAM associated with a LFWF l z = Λ − λ is necessarily correlated with the nucleon helicity Λ and anti-correlated with the quark helicity λ by angular momentum conservation. The "parton" OAM being simply (1 − x) times the total OAM, we have automatically ℓ 
from which follow Eqs. (53) and (54).
B. Quark-Target Model
In the quark-target model, the quark LFWF is given by [47] [48] [49] [50] 
whereσ 1 = σ 2 andσ 2 = −σ 1 , the polarization vectors are defined as
(1, −i), and
with T a a color-SU (3) generator. Specifying the helicity state in Eq. (80), one obtains
with {⇑, ⇓} = {+1, −1}. Once again, the LFWFs with opposite nucleon helicity follow directly from light-front parity and time-reversal 7 symmetries, namely
with l z = Λ − λ − µ the total OAM associated with the LFWF ψ The LFWF overlap representation of the quark contribution to F 1,4 and G 1,1 is
From Eqs. (87) and (88), we immediately see that F q 1,4 = −G q 1,1 in agreement with the observation in Sect. IV B. Likewise, for the gluon contribution we have
Diagrams determining the leading order of quark GTMDs at large transverse momenta.
from which follow Eqs. (62) and (63).
VI. PERTURBATIVE TAIL OF THE GTMDS
In this section we present results for F 1,4 and G 1,1 at large transverse parton momenta, where they can be computed in perturbative QCD. For simplicity we restrict the analysis to the real part of the GTMDs. Details of a corresponding calculation of the large-k ⊥ behavior of TMDs can be found in Ref. [51] . Here we generalize these calculations to nonzero momentum transfer to the nucleon. Like in Sect. IV B, we have used both the light-front gauge A + = 0 and the Feynman gauge and have obtained the same results.
While for the quark we consider the correlator in Eq. (2), for the gluon we have
For the calculation of F 1,4 and G 1,1 through O(α S ) the light-like Wilson lines in those correlators do not give rise to the infamous light-cone singularities. In fact, we have also performed a study with Wilson lines that are slightly off the light-cone, and in the end one can take the light-like limit without encountering a divergence. This no longer necessarily holds for other GTMDs at large transverse momenta.
In the light-front gauge, the large-k ⊥ behavior of the quark GTMDs is described perturbatively by the two diagrams on the right of Fig. 5 . Expressing them by means of Feynman rules leads to the following formula,
Λ ′ Λ (P, x,k ⊥ , ∆, n − )
(P,l, ∆, n − ), (104) with
We then find for the large-k ⊥ behavior of F g 1, 4 and G factor that is linear in both the transverse parton momentum and the transverse-momentum transfer to the nucleon. In some sense this makes these two functions actually unique. The particular role played by F 1,4 and G 1,1 is nicely reflected by their intimate connection to the orbital angular momentum of partons in a longitudinally polarized nucleon and in an unpolarized nucleon, respectively [18, [25] [26] [27] [28] 31] . Those relations open up new opportunities to study the spin/orbital structure of the nucleon. For instance, new insights in this area could now be obtained through Lattice QCD, given the related pioneering and encouraging studies of TMDs and other parton correlation functions in Refs. [52] [53] [54] [55] .
Our main intention in this paper has been to address recent criticism according to which even the mere existence of F 1,4 and G 1,1 is questionable [32, 33] . To this end we have shown in a model-independent way why the criticism of [32, 33] does not hold. We have also computed F 1,4 and G 1,1 in the scalar diquark model of the nucleon, in the quark-target model, and in perturbative QCD for large transverse parton momenta, and we generally have found nonzero results in lowest nontrivial order in perturbation theory. Moreover, in the two spectator models we have verified explicitly the relation between the two GTMDs and the OAM of partons. In summary, we hope that our work helps to resolve any potential doubt/confusion with regard to the status of the GTMDs F 1,4 and G 1,1 and their relation to the spin/orbital structure of the nucleon. . The Feynman diagrams in this paper were drawn using JaxoDraw [56] . [2] X.-D. Ji, Phys. Rev. Lett. 78, 610 (1997).
